A FAMILY OF HYPERBOLIC SPIN CALOGERO-MOSER 
SYSTEMS AND THE SPIN TODA LATTICES 



Luen-Chau Li 

Abstract. In this paper, we continue to develop a general scheme to study a broad 
class of integrable systems naturally associated with the coboundary dynamical Lie 
algebroids. In particular, we present a factorization method for solving the Hamil- 
tonian flows. We also present two important class of new examples, a family of 
hyperbolic spin Calogero-Moser systems and the spin Toda lattices. To illustrate our 
factorization theory, we show how to solve these Hamiltonian systems explicitly. 



1. Introduction. 

In the theory of integrable systems, a wide range of important examples are 
covered by the Adler-Kostant-Symes scheme and its generalization known as clas- 
sical r-matrix theory (see [A], [K], [S], [RSTSl], [RSTS2], [AvM], [STS1],[STS2], 
[RSTS3], [FT], [LPl] and the references therein). As is well-known, classical r- 
matrices are naturally associated with Poisson structures on Lie groups and duals 
of Lie algebras and the corresponding geometric objects have been used with great 
success in the solutions of many integrable Hamiltonian systems. 

In the early 90 's, dynamical analog of the classical r-matrices was discovered in 
the study of Wess-Zumino-Witten (WZN) conformal field theory [BDF], [F]. Since 
then, these objects have cropped up in other areas as well (see, for example, [BAB], 
[ABB], [Lu], [AM]) and their geometric meaning was unraveled by Etingof and 
Varchenko in their fundamental paper [EV]. While classical r-matrices play a role 
in Poisson Lie group theory [D], the authors in [EV] showed that an appropriate 
geometric setting for the classical dynamical r-matrices is that of a special class of 
Poisson groupoids (a notion due to Weinstein [Wl]), the so-called coboundary dy- 
namical Poisson groupoids. If R is an iJ-equivariant classical dynamical r-matrix, 
and (r, { •, • }r) is the associated coboundary dynamical Poisson groupoid, then it 
follows from Weinstein's coisotropic calculus [Wl] or otherwise that the Lie alge- 
broid dual A*T also has a natural Lie algebroid structure [LP2], [BKS]. We shall 
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call the coboundary dynamical Lie algebroid associated to R and it is this class 
of Lie algebroids which we use in the study of integrable systems in [LX2] and in 
the present work. 

Our purpose in this paper is twofold. First of all, we will continue to develop 
a general scheme (which we initiated in [LX2]) to study integrable systems based 
on realization in the dual bundles of coboundary dynamical Lie algebroids. To 
summarize, the class of invariant Hamiltonian systems which admits such a re- 
alization (for the genuinely dynamical case) has the following key features: (a) 
the systems arc defined on a Hamiltonian i7-space X with cquivariant momentum 
map J and the Hamiltonians arc the pull-back of natural invariant functions by an 
-ff-equivariant realization map, (b) the pullback of natural invariant functions do 
not Poisson commute everywhere on X, but they do so on a fiber J~^(/7,) of the 
momentum map, (c) the reduced Hamiltonian systems on = J~^{ii)/H^ {H^ 
is the isotropy subgroup at jj) admit a natural collection of Poisson commuting 
integrals. In this work, our main focus is on the case in which i? is a solution of 
the modified dynamical Yang-Baxter equation (mDYBE) . As we pointed out in the 
announcement [LI], the (mDYBE) is associated with a factorization problem on 
the trivial Lie groupoid F. By making use of the algebraic and geometric structures 
associated with (mDYBE) (which will be fully worked out here), we will develop 
an effective method to integrate the Hamiltonian flows on J~^(iJ,) (which parallels 
the one announced in [LI] for the groupoid framework) based on this factorization. 
Hence we can obtain the integrable flows on X^ by reduction. 

Our second purpose in this work is to give two important class of new examples 
and to illustrate our factorization theory using these examples. Our first class of 
examples is a family of hyperbolic spin Calogero-Moser (CM) systems and their 
associated integrable models, corresponding to the solutions of (mDYBE) for pairs 
(g, f)) of Lie algebras, as classified in [EV]. Here, q is simple, and f) C is a Cartan 
subalgebra. As such, our systems are parametrized by subsets tt' of a simple system 
of roots TT. Note that in the special case where tt' = tt, our corresponding integrable 
model is isomorphic to the one in [R], and the sl{N) case has also appeared in 
[AB], [KBBT],for example (see Remark 5.5). The second class of examples was 
actually discovered when an appropriate scaling limit is applied to the hyperbolic 
spin CM systems (the ones which are not integrable). Remarkably, the obstruction 
to integrability dissolves in the scaling limit, leading to a family of integrable models 
which we will call the spin Toda lattices (again, these are parametrized by subsets 
tt' of a simple system). As it turns out, the spin Toda lattices are systems which 
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admit realization in the dual bundle A of the coboundary dynamical Lie algebroid 
A* ~ r() X g associated to the standard r-matrix and the reduction of these H- 
invariant systems lead to a family of Toda lattices parametrized by tt'. So this gives 
us a first nontrivial example in which a constant r-matrix is relevant. 

The paper is organized as follows. In Section 2, we derive an intrinsic expression 
for the Lie-Poisson structure on the dual bundle of a coboundary dynamical Lie 
algebroid which is important for subsequent developments of our program. We 
also give the complete set of equations for a natural class of invariant Hamiltonian 
systems. In Section 3, we reprove (essentially) Theorem 3.10 in [LX2] using an 
intrinsic point of view, without having to assume the existence of an iJ-equivariant 
map g : X — > H (also we do not assume f) = Lie{H) is Abelian). We also compute 
how the realization map evolves under our invariant Hamiltonian systems on X 
based on the development in Section 2. As the reader will see, the integrable flows 
on the reduced space Xfj_ are actually realized on a Poisson quotient of a coisotropic 
submanifold of AT, which in some sense is the analog of the gauge group bundle in 
[LI]. In Section 4, we discuss the algebraic and geometric structures associated with 
(mDYBE), leading up to a factorization method for solving the Hamiltonian flows. 
In Section 5, we introduce a family of hyperbolic spin Calogero-Moser systems using 
Proposition 4.2 (a) and consider the associated integrable models. Then we consider 
scaling limits of the hyperbolic spin CM systems at the levels of the Hamiltonians, 
the equations of motion and the (generalized) Lax equations. At the end of the 
section, we work out the realization picture for the spin Toda lattices and also 
consider their reduction. Section 6 is concerned with the solution of the hyperbolic 
spin CM systems and the spin Toda lattices, utilizing the factorization method of 
Section 4. Here, the reader will see how the concrete factorization problems are 
being solved. In a remark, we will also discuss the solution of a family of hyperbolic 
spin Ruijenaars- Schneider models (introduced in [LI] and related to the afiinc Toda 
field theories [BH]) in the general case. We shall address the complete integrability 
and other aspects of the integrable models here in subsequent publications. For 
the solution of the systems in [LX2] using the method developed here, we refer the 
reader to the forthcoming work [L2] (see also Remark 5.5 (c)). 

Acknowledgments. The author would like to thank the referee for a helpful 
question which has led him to put back a missing keyword in the formulation of 
several results in Section 4. Special thanks are also due to Reeva Goldsmith for 
converting the AMS-TeX file to LaTeX. 
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2. Coboundary dynamical Lie algebroids and Lie-Poisson structures 
on their dual bundles. 

In this section, our main goal is to derive an intrinsic formula for the Lie-Poisson 
structure on the dual bundle of a coboundary dynamical Lie algebroid which is 
important for subsequent developments. As the reader will see, the same method 
of calculation is also used in Section 5 to write down the Lie-Poisson structure 
associated with a trivial Lie algebroid, whose vertex Lie algebra is given by a semi- 
direct product. 

We begin by recalling the definition of a Lie algebroid. 

Definition 2.1. A Lie algebroid over a manifold M is a smooth vector bundle 
tta '■ A — > M equipped with a Lie bracket [•, -Ja on its space Sect{M, A) of smooth 
sections and a bundle map qa ■ A — > TM (called the anchor map) such that 

(a) the bundle map a a induces a Lie algebra homomorphism Sect{M, A) — ^ 
Sect{TM) (which we also denote by a^), 

(b) for any X,Y G Sect{M,A) and / G C°^(M), the Leibnitz identity 

[X,fY]A = f[X,Y]A + ia{X)f)Y 

holds. 

Let {A, [•, -Ja, oa) be a Lie algebroid over M, and let tta* '■ A* — > M be its dual 
bundle. For any X G Sect{M, A), we can associate a smooth function Ix on A* by 
putting IxiO =<^,X° T^A-iO > for all ^ E A* . 

Theorem 2.2 [CDW]. There exists a unique Poisson structure on A* (called the 
Lie-Poisson structure) which is characterized by the property 

{Ix,Iy } = hx,Y]A 

for allX, Y e Sect(M,A). 

Remark 2.3 In [C] and [W2], there are two extra conditions in the characterization 
of the Lie-Poisson structure, namely, {/ o vr^. , g o vr^. } = 0, and {Ix, f ° t^a* } = 
{a{X)f) o TTA* for all /, 5 G C°°(M), and X G Sect{M,A). However, it is not 
hard to show that these are actually consequences of {Ix^W} = ^x,y\a ^'^'^ 
properties of the Lie algebroid bracket [■■,■] a- We shall use these two conditions in 
an essential way in (2.10) below. 
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We now recall the definition of a coboundary dynamical Lie algebroid. Let G be 
a connected Lie group, and H C G & connected Lie subgroup. We shall denote by 
Q and f) the corresponding Lie algebras and let t : f) — > Q be the Lie inclusion. Let 
U C i)* he a connected AdJ^-invariant open subset, and let R : U — > L(g*, g) be a 
classical dynamical r-matrix (here and henceforth we denote by L(g*,g) the set of 
linear maps from g* to g), i.e. R is pointwise skew symmetric 

< R{q){A),B >=-<A, R{q)B > (2.1) 

and satisfies the classical dynamical Yang-Baxter condition 

[R{q)A, R{q)B] + R{q){ad*^^^^^B - ad*^^^^sA) 
+dR{q)L*A{B) - dR{q)i*B{A) +d< R{A), B > (q) = x{A, B), 

for all q (zU, and all A, B E g* , where X : 0* x g* — > g is G-equivariant. 
The dynamical r-matrix is said to be if-equivariant if and only if 

R{Adl.,q) = Adh o R{q) o Ad^ (2.3) 

for all h £ H,q G U. We shall equip F = f/ x G x with the trivial Lie groupoid 
structure over U [M] with target and source maps 

oi{u, g, v) = u, (3{u, g,v) =v (2.4) 

and multiplication map 

m{{u,g,v),{v,g',w)) = {u,gg',w). (2.5) 

Recall that associated with an i?-equivariant classical dynamical r-matrix R is 
a natural Poisson structure { •, • }r on F [EV] such that the pair (F, { •, • is a 
Poisson groupoid in the sense of Weinstein [Wl] (see [LI] for the intrinsic forms of 
{ •, • }r). Let AT := \J^^^ T.^q^a'^iq) = Ugei/{Og}x0x[)* be the Lie algebroid of F. 
Then by Weinstein's coisotropic calculus [Wl] or otherwise, the Lie algebroid dual 
= \Jq^u{^q}^9*^^ ^l^o has a natural Lie algebroid structure [BKS],[LP2] such 
that the pair {AT, A*r) is a Lie bialgebroid in the sense of Mackenzie and Xu [MX]. 
We shall denote the Lie brackets on Sect{U,Ar) and Sect{U,A*r) respectively by 
[■, ■]Ar and [-, ■]A*r- Throughout the paper, the pair {A*r, [-, ■]a*) together with the 
anchor map a* : A*r — > TU given by 



a^{Og,A,Z) = {q, i* A - ad*zq) 



(2.6) 
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will be called the coboundary dynamical Lie algebroid associated to R. Explic- 
itly, the Lie bracket [•,-]A*r on Sect{U,A*T) is given by the following expression 
[BKS],[LP2]: 

[iO,A,Z),iO,A',Z')U'riq) 
= {0„dA'{q){t*A{q) - ad*z^^^q) - dA{q){L* A' (q) - ad*z.^,-^q) 

~ ^d*R(q)A(q)-Z(q)-^\Q) + "^H(q) A' (q) - Z' (</) ^(^) ' (2-7) 

dZ'{q){L*A{q) ad*^^^^q) - dZ{q){i*A\q) - ad*z,^^.^q) 

-[Z,Z']{q)+ <dR{q){-)A{q),A\q) >) 
where A,A' -.U — > g*, Z,Z' -.U — s- () are smooth maps and < dR{q){-)A{q), A' [q) > 
is the element in t) whose pairing with A G [)* is < dR(q){\)A{q), A'{q) > . 
In the rest of the section, we shall make the identifications 

Ar ~ [/ X [)* X 0, A*r ~ ?7 X X 0*. (2.8) 

Let us fix a point (q, A, X) G AT. In order to derive an intrinsic expression for 

the Lic-Poisson bracket {ip, tp^AviQ-, A, X) on the dual bundle AT of the coboundary 

dynamical Lie algebroid (yl*r, [•, ■\a*v-, a*), we need to introduce some notation. To 

start with, let Pvi be the projection map onto the i-th factor of?7xf)* xg~ AT, 

i = 1,2,3. If ip e C°°(yir), we have dip{q,X,X) = {diip,S2ip,6(p), where the partial 

derivatives are defined by 

d d 
<5iip,ii>=— ip{q + tii,\,X), < 52(p,li>= -7- ip{q,X + tiJ,,X), ii€i)* 

<Sip,Y>=^ <f{q,X,X+tY),YeQ. 

|t = 

Wc also associate with ip the function (p on U, defined by (f{u) = p{u, A, X). On the 
other hand, s{p) : U — > U X t) x q* will denote the constant section of J7 x f) x g* 
given by s{ip){u) = (u, 62^, Sip), where 621^, 5(p are the partial derivatives evaluated 
at the fixed point {q, X,X). 

Now, it is easy to check by a direct calculation that d{tp o Pr\){q,X,X) = 
((5i(^, 0, 0), while dZs(^)(g, A, X) = {{),52ip,6p). Thus we have 

d^{q, X, X) = d{l,^^) + Ip o Pri)(g, A, X). (2.9) 



Therefore, 



{(p,ip}Ar{q,X,X) 

--{h{,fi) +'P° Pri,ls{^) +'ifoPri}Ar{q,X,X) 

--l[.s{^),s{i,)]^.r{q,X,X) + dip{q)a4s{ip)){q) 
- dip{q)a^{s{i}))(q). 



(2.10) 
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By using the expression for [-, •]A*r in (2-7), we have 

= < X,-[62(fi,52ilj]+ < dR{q){-)d(fi,d'tp » 
+ <X, -ad*ji^g^s^_s^^SiP + ad*ji^^^s^_s^^Sip > . 

Meanwhile, from the expression for the anchor map a*, we find 
dif{q)a4s{ip)){q) =< S^cp, i*5il) - ad^^^q > . 
AssembUng the calculations, we have the following result. 

Theorem 2.4. The Lie-Poisson structure on the dual bundle AT of the coboundary 
dynamical Lie algebroid {A*V, [•, •]A*r,a*) is given by 

=- < A, [52(p,S2ip] > + < dR{q){X)Sip,Sip > 
+ <X, -ad*ji^g^s^_s^^Silj + ad*ji^g^s^_s^^Sip > 
- < q, [S2(p, Slip] + [Si(p, S2tp] > + < Slip, L*S(p > - < Slip, L*5ip > . 

Remark 2.5 In a similar fashion, we can show that the Lie-Poisson bracket 
on the dual bundle A*T of the trivial Lie algebroid (^dF, [•, -jAr, a) is given by 

{ip,'4'}A'riq,P,0 =< ^2^,^!"^ > - < 5iip,52i' > + < ^,[S(p,Sip] > . The reader is 
referred to Proposition 5.10 below for the details of a similar calculation. 

If (P,{-,-}p) is a Poisson manifold, then for each / G C°°{P), we shall define 
the associated Hamiltonian vector field Xf using the convention Xf.g = {f-,g}p- 

Corollary 2.6. The Hamiltonian vector field on AT associated to (p & C°°{Ar) is 
given by 

X^{q,X,X) 

= {i*6ip - adl^^q, -adl^^X + L*ad*xSip - ad*s^^q, 

[X, R{q)6<p - S2(p] + dR{q)iX)5^ - + R{q){ad*x6ip)). 

Now, a natural collection of invariant functions on AT is Pr^I{Q), where is 
the ring of ad-invariant functions on g. The following result is an easy consequence 
of Theorem 2.4 and Corollary 2.6. 
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Corollary 2.7. (a) The Hamilton's equation on AT generated by Pr^f, f G /(g) 
is of the form 

q = t*df{X), 
A = 0, 

X = [X,R{q)dfiX)]+dR{q){X){df{X)). 
(h) For all /i, /2 £ we have 

{Prlf^,Prlf2}AT{q,\X) 
= <dR{q){X){df,{X)),df2iX)> . 

Remark 2.8 If i? is a constant r-matrix, then it is immediate from Corollary 2.7 (b) 
above that functions in Pr^I{g) Poisson commute on AT. In this case, the equation 
for X in part (a) of the same corollary is a Lax equation in the standard r-matrix 
framework for Lie algebras [STSl]. So when R is constant, what we have here is 
a slight extension of the standard framework. For an example associated with a 
constant r-matrix which fits into our framework, we refer the reader to Section 5. 

3. Realization of Hamiltonian systems in coboundary dynamical Lie 
algebroids. 

Let {A*r, [■, -jAT, a*) be the coboundary dynamical Lie algebroid corresponding 
to R, and let p : X — > AT be a realization of a Poisson manifold {X, {•,-}x) in 
the dual bundle AT of the Lie algebroid ^*r, i.e., p is a Poisson map. If Pri is the 
projection map onto the i-th factor oi U x f)* x g ~ AT, i = 1,2, 3, we put 

m = Priop:X — ^ U, (3.1) 

T = Pr2op: X -^i)*, (3.2) 

L = Pr3op:X ^g. (3.3) 

We shall make the following assumptions: 

Al. X is a Hamiltonian iJ-space with an equivariant momentum map J : X — > I)*, 
A2. the realization map p is iJ-equivariant, where H acts on AT via the formula 



h-{q,\,X) = {Adl-,q,Adl-^\,AdhX), 
A3, for some regular value /x G ()* of J, 



(3.4) 
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p{J-\fi))cUx{O}X0. (3.5) 

Note that the condition in (3.4) is the natural generahzation of the corresponding 
condition in [LX2] since we do not assume f) is Abehan here. On the other hand, 
our assumption A3 is stronger than what we had in [LX2]. Our purpose in this 
section is to exhibit the intrinsic role played by the orbit space {U x {0} x g)/H of 
the action in (3.4) in the reduction to integrable flows. We also compute how the 
realization map evolves under our invariant Hamiltonian systems on X. 

Proposition 3.1. With the action defined in (3.4), the dual bundle AT of the 
coboundary dynamical Lie algebroid A*r equipped with the Lie-Poisson structure is 
a Hamiltonian H -space with equivariant momentum map 7 : AT — > ()*, (q, A, X) 1— 
A. 

Proof. Denote the action by $. If ip € C°°{AT), it follows by a direct calculation 
that 5i{ipo(i>h){q,X,X) = Adh-i6iip{^h{q, \ X)), i = 1,2 and 6{ip o <^h){q, \ X) = 
Adl^5ip{^h{<l, ^, X)). The assertion that is Poisson then follows upon using the 
formula in Theorem 2.4 and the fact that R is iJ-equi variant. Now, for any Z et), 
we have 

— $6*^(95-^)^) = {—ad*zq,—ad*zX,adzX). 

dt It^o 

Comparing the right hand side of the above expression with the formula in Corollary 
2.6, it is clear that this is equal to Xi^(^z){q, X, X), where j{Z)(q, X, X) =< X,Z>. 
Hence 7(g, A, X) = A. □ 

Prom this result, it follows that X = AT, and p = id at satisfy assumptions 
A1-A3 above with fi = and we have 7~^(0) = U x {0} x g. 

We shall denote by the isotropy subgroup of p for the //-action on X. Then 
it follows by Poisson reduction [MR], [OR] (sec [OR] for the singular case) that the 
variety = J~^(//)/iJ^ inherits a unique Poisson structure { •, • satisfying 

7r;{fi,f2}x,=i;{hJ2}x. (3.6) 

Here, i^^ : J~^{fi) — > X is the inclusion map, tTj^ : J~^{ii) — > X^ is the canonical 
projection, /i, /2 € C°°(X^), and fi, f2 are (locally defined) smooth extensions of 
^'^fi^ ^/i/a with differentials vanishing on the tangent spaces of the i7-orbits. For 
the case where X = AT, p = idAr, it is clear that the isotropy subgroup at = 
is H itself and so we have the Poisson variety 



10 



L.-C. LI 



iAro=j-\0)/H,{.,-}Aro), (3.7) 
with the inclusion map ih '■ 7~^(0) — ^ AT and the canonical projection tth '■ 

^-1(0) -^^ro. 

Clearly, functions in i*jjPr^I{Q) C C°°{^~^{0)) are i?-invariant, hence they de- 
scend to functions in C°^{ATq). On the other hand, it follows from assumption A2 
that the functions in i*^L*I{Q) C C°°{J~^{fi)) drop down to functions in C°°{X^). 
Now, by assumption A2-A3, and the fact that p is Poisson, it follows from [OR] 
that p induces a unique Poisson map 

p:X^^Aro = {Ux {0} X q)/H (3.8) 

characterized by tth ° p°i^, = p°'^ti- Hence admits a realization in the Poisson 
variety AVq. 

We shall use the following notation. For / G the unique function in 

C°°(^ro) determined by i^Pr^f will be denoted by /; while the unique func- 
tion in C°°{Xn) determined by i*^L*f will be denoted by J^fj,. Prom the definitions, 
we have 

^^o7r^ = (p*/)o7r^ = i;L*/ (3.9) 

Theorem 3.2. Let {X, { •, • }x) be a Poisson manifold which admits a realization 
p : X — > AT and assume A1-A3 are satisfied. Then there exist a unique Poisson 
structure { •, • on the reduced space X^ = J~^{p)/Hn and a unique Poisson 
map p such that 

(a) for all f\, f2 G I{b)> ^ ^ J~^{l^)> have 

{p*fi,p'f2}x^0Tr^{x) 
= < i^(a;),-ad;j(„(^))^^^(i(^))d/2(L(a;)) +ad;j(„(^))^^^(i(^))d/i(L(a;) > . 

(b) functions p*f, f G lio), Poisson commute in (X^, { •, ■ }x^), 

(c) if ipt is the induced flow on 7~-'^(0) = U x {0} x g generated by the Hamiltonian 
P^tf ' f ^ Ho)' '^''^d, (f)t is the Hamiltonian flow of T = L*f on X, then under the 
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flow (f)t, we have 




[L{<i>t),R{m{<i>t))df{L{<j>t))\+dR{m{^t)){r{^^^^^^ 



L*df{L{cl>t)), 



where the term involving dR drops out on J ^ (fi) . Moreover, the reduction <j)'[^'^ of 
4>t o i^ on defined by cp^^'^ o tt^ = vr^ o 0t o V is a Hamiltonian flow of = p*f 
and po (I)1'"^{tt^{x)) = tth o ipt{p{x)), x G J'^in). 

Proof (a) Since p{J~^{ii)) C U x {0} x g, we have t{x) = for x G J~^{ii). 



where in the last step we have invoked the formula in Theorem 2.4 and the vanishing 

of r(x) for X G J~^{ji). 

(b) This is clear from part (a). 

(c) Since p is a Poisson map, we have ^p{(l>t) = ^ foPr^ipifpt)) from which the 
equations follow on invoking Corollary 2.7. Finally, the assertion on cp'l'^'^ is basically 
a corollary of Theorem 2.16 of [OR] and the relation p o (j)t o i^ = ip^ o p o i^. □ 

Remark 3.3 In [LX2], we have only written down the equation for L under the 
Hamiltonian flow (j)t (in the Abelian case). However, the full set of equations is 
important. See Section 4 and Section 6 below. 

4. Factorization problems on Lie groupoids and exact solvability. 

We shall develop a factorization method to solve the (generalized) Lax equations 
in Corollary 2.7 (a) on the level set 7~^(0) of the momentum map 7. For the first 
part of this section, we shah use AT = Uggt/lOg} x x t)*) = Uqec/i^'?} x 0* x 
, and when g has an ad-invariant non-degenerate pairing, we shall identify the Lie 
algebras with their duals. 



Therefore- 



{p*/i,P*/2}x^ o7r^(a;) 
= {/i,72}Aro o7rH(p(ar)) 

= {Prlf^,Prlf2}AT{p{x)) 



= < ^(a;),-ao!^(^(^))^^^(j^(^))d/2(L(a;)) +ad;j(„(^))rf^^(^(^))d/i(L(a;) > 
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As in [LI], we introduce the bundle map 

n:A*r — ^ ^r, (O,, a, Z) ^ (O^, -lZ + R{q)A, L*A - ad*zq) (4.1) 

and call it the r-matrix of the Lie algebroid A*T. Also, we assume R satisfies the 
modified dynamical Yang-Baxter equation (mDYBE): 

[R{q)A, R{q)B] + R{q){ad*^^^^^B - ad^^^^^sA) 
+ dR{q)i*A{B) - dR{q)i*B{A) + d< R{A),B > (g) (4.2) 
= -[K{A),K{B)] 

where K G L{q* ,q) is a nonzero symmetric map which satisfies adx oK+Koad*x = 
for all X G 0,i.e, K is G-equi variant. 

The next two results were announced in [LI]. We give details of the proof here. 

Lemma 4.1. If R satisfies (mDYBE), then the r-matrix TZ : A*T — > AT satisfies 
the equation 

[7^(0, A, Z), 7^(0, A', Z')Ur - 7^[(0, A, Z), (0, A', Z')U*r 
=iO,-[KiA),K{A%0) ^^'^^ 
for all smooth maps A,A':U — >■ g*, Z,Z' : U — > i). 

Proof. The calculation will be postponed to the appendix. □ 
Using K, we define 

IC:A*T^ AT, (0„ A, Z) ^ (0„ K{A),0), (4.4) 
and set 7^± = 7^ ± /C, R^{q) = R{q) ± K. 
Proposition 4.2. 

(a) TZ^ are morphisms of transitive Lie algebroids and, as morphisms of vector 
bundles over U , are of locally constant rank. In particular, 

[7^±(0, A, Z), 7^±(0, A', Z')]at = a, Z), (O, a', Z')]a't (4.5) 

for all smooth maps A, A' : U — > q*, Z,Z' : U - 
equivariant, where H acts on A*T via h ■ (0^,^, Z) 
and the H -action on AT is given by (3.4). 

(b) ImTZ^ are transitive Lie subalgebroids of AT. 



f). Moreover, TZ are H- 
= {{)Adi_,q,Adl.,A,AdhZ) 
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Proof, (a) If a and a* are the anchor maps of the Lie algebroids AT and , it is 
easy to check that they are surjective submersions which satisfy a o TZ"^ = a* . On 
the other hand, it follows from Lemma 4.1 that (4.5) holds if and only if 

mo,A,Z),iO,A\Z')U^r ^ ^ 

4.6 

= [7^(0, A, Z), /C(0, A',Z')]Ar + [/C(0, A, Z), 7^(0, A,Z')]Ar. 

Now, for q eU, we have 

ICmA,Z),iO,A,Z')U^r{q) 
= {Og,K{dA{q){i*A{q) - ad*z^g)q) - ad*ji^g-^Aig)-Z(g)A'iq)) 
-{A^ A',Z ^ Z'),0) 

where {A ^ A',Z Z') denote terms which can be obtained from the previous 
ones by interchanging A and Z and Z' . On the other hand, 

[7^(0,A^),/C(0,^^Z')]A^(?) 

= {Q,,K{dA{q){i*A{q) - ad*z(^^^q)) + [-iZ{q) + R{q)A{q), K{A{q))],Q) 

and similarly for — [7?.(0, A', Z'), /C(0, ^, Z')]^r(^)- Prom these formulas, it follows 
that (4.6) holds if and only if 

^(«4(,)A(,)-z(,)^'(9)) + [-^Z{q) + R{q)A{q),K{A{q))] 
-{A^A',Z^ Z') = 0. 

But the latter follows from the G-equivariance of K and this proves the first part of 
the assertion. (The fact that IZ^ are of locally constant rank follows from Theorem 
1.6 on page 190 of [M].) To show that TZ^ are if-equi variant, note that by definition, 

n^{h-{%,A,z)) 

= (OAc/*_,q, -AdhZ + R^{Adl-.q)Adl-^A, L*Adl-rA - ad^^^z^dl-^q). 

But from the //-equivariancc of R and K, we have R^{Ad*^^_iq)Ad*^_iA = AdhR^{q)A. 
On the other hand, it is straightforward to check that ad*j^^^zAd'^_iq = Ad'^_iad*zq. 
Substituting into the above expression for TZ^{h - (Og, A, Z)), the desired conclusion 
follows. 

(b) This is a consequence of (a). □ 

In the rest of the section, we shall assume has an ad-invariant non-degenerate 
pairing (•,•) such that (•,-)\t,xi) is also non-degenerate. Without loss of generality, 
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we shall take the map K : g* — > g in the above discussion to be the identification 
map induced by (•,•). Indeed, with the identifications g*~g, we shall 

regard R{q) as taking values in End{Q), and the left and right gradients as well as 
the dual maps are computed using (•,•). Also, we have ad* ~ —ad, t* — Hf,, where 
Ilfj is the projection map to t) relative to the direct sum decomposition g = f) © f)-*-. 
We shall keep, however, the notation A*T although as a set it can be identified with 
AT. 

We now introduce the following subbundles of the adjoint bundle Kera = 
{(Og,X,0) \q£U,XGQ} of AT: 

X+ = {{Oq,X,0) e Kera \ q G U,n-{Oq,X,Z) = for some Z G {)}, (4.7a) 

I- = {(0„X,0) G Kera \ q G U,n+{Og,X,Z) = for some Z G f)}. (4.76) 

Proposition 4.3. 2^ are ideals of the transitive Lie algebroids IrnRJ^ . 

Proof. Wc shall prove the assertion for X"*". First of all, it is easy to show that 
1+ c IrriR-^. Let {<d, -iZ + R+ X,Tl^X + adz{-)) G Sect{U,Imn+) and (0,X',0) G 
Sect{U,I~^), where Z : U — > f), X,X' : U — > q are smooth maps. From the 
expression for [•, -Jaf, we have 

[{0,-iZ + R+X,Ui,X + adz{-)),{0,X',0)]Ar{q) 
= (0„ dX'{q){Ut,X{q) + adz(g)q) + [-iZ{q) + R+{q)X{q),X' {q)],0) 

for q eU. This shows 

[(0, -lZ + R+X, Ut,X + adz{-)), (0, X',0)]Ar e Sect{U, Ker a). 

On the other hand, from the assumption that (0,X',0) G Sect{U,I^), we must 
have TZ~ (Oq, X' (q), Z'{q)) = for some smooth map Z' : U — > f). Hence we obtain 
(0,X',0) = n+{0,X'/2,Z'/2). Therefore, on using Proposition 4.2 (a), it follows 
that 

[(0, -lZ + R+X, Ut,X + adz{-)), (0, X',0)]Ar{q) 
= 7^+[(0, X, Z), (0, X'/2, Z'/2)]A*r{q) 

= n+{%,X"{q),Z"{q)) ^^'^^ 
= (0„ -LZ'\q) + R+iq)X"iq), U^X"iq) + [Z"iq), q]) 
where by (2.7), we find 

X"{q) = ldX'{q)(ni,X{q)+adziq)q) + l[R{q)X{q) - Z{q),X'{q)] 

^ ^ (4.10) 

+ -[Xiq),Riq)X'iq)-Z'{q)] 
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and 

Z"{q) = Uz'{q){Ut,X{q)+adzi,)q) - \[Z,Z'\{q) 
+ -{dR{q){.)X{qlX\q)). 
By equating the last components of the expressions in (4.8) and (4.9), we have 

n^X"(g) + [Z"(g),g]=0. (4.12) 

Similarly, by equating the second components of the expressions in (4.8) and (4.9), 
we find 

dX'{q){Yli,X{q) + adzi,)q) + [-iZ{q) + R+{q)X{q),X'{q)] 
= -iZ"{q)+R^{q)X"{q) ^^'^^^ 

Now, from the relation {%,X' {q), Z' {q)) = 0, it follows that (4.10) can be 
rewritten as 

dX'(g)(n^X(g) +adz(,)g) + [-iZ{q) + R^{q)X{q),X' {q)] 

(4.14) 

= 2X"{q). 

Substitute this into (4.12), we obtain 

Il^{dX'{q){Ii^X{q)+adz^q)q) + [-iZ{q) + R+ {q)X{q),X' {q)\} 
+ [2Z"{q),q]=[). 

Next, (4.13) and (4.14) yield 

R-{q){dX'{q){ni,X{q)+adziq)q) + [-iZ{q) + R+{q)X{q),X' {q)]} 
= 2Z"{q). 

From the last two relations, we can now conclude that 

[(0,-i.Z + i?+X,n(,X + adz(-),(0,X',0)]Ar e SectiU,I+), 

as desired. □ 

Consider now the quotient vector bundles ImTZ^/I^ equipped with the quotient 
transitive Lie algebroid structures. 
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Proposition 4.4. The map 9 : ImTZ'^ — > ImTZ /I defined by 

9{n+{0g, X, z) + x+) = 7^- (o„ x, z) + x- 

is an isomorphism of transitive Lie algebroids. 

Proof. We first show that 9 is well-defined. To do so, suppose TZ'^(Oq,X,Z) = 
n+{Oq,X',Z') (mod X+). Then there exists Z" G {) such that 

Ut,{X-X') + [Z-Z',q]=0, 

R-{q){-i{Z - Z') + R+{q)iX - X')) = tZ" , 

and 

-{Z - Z') + n^(i?+(g)(X - X')) = adgZ". 
Prom these equations, we infer that 

-l{Z - Z') + nf,(i?-(g)(X - X')) = adq{Z" - 2{Z - Z')), 

and 

R+{q){-i{Z - Z') + R-{q){X - X')) = Z" - 2{Z - Z'). 

Hence we have TZ~ (Oq, X, Z) = TZ~ (Oq, X' , Z') (modX~), as desired. We shall skip 
the argument to show that is 1:1 as it is similar to the one above. The proof 
of the proposition is therefore complete (it being clear that is a morphism by 
Proposition 4.2 (a)). □ 

To formulate our next result, introduce the Lie algcbroid direct sum AT © ^P. 

TU 

Clearly, this is the Lie algebroid of the product groupoid P = P x r=^J7(~ the 

UxU 

trivial Lie groupoid U x {GxG)xU). For later usage, we shall denote the structure 
maps (target, source etc.) of P by ap, /3p, and so forth. 

Theorem 4.5. (a) The map (7?.+ ,7?.~) : A*r — > AT ® AT is a monomorphism 

TU 

of transitive Lie algebroids. In particular, the coboundary dynamical Lie algebroid 

{A*T,[-, ■]A'r) ''-s integrable. 

(b) Im,{TZ'^ ,TZ~) is the Lie subalgebroid 

{(A'+,A'_) € ilmn+ ®Imn-)q \ q e U, 9{A:++I+) = X_ (4.15) 

TU 

of Imn+ ® ImTZ- . 

TU 
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Proof, (a) See [LI] for the proof. 

(b) Denote by AVji the subbundle of ImR'^ ® ImTl~ defined in (4.15). It is clear 

TU 

that /m(7^+,7^-) C AFr. Conversely, suppose {{Oq,X+,Z),{Oq,X_,Z)) e ATr. 
Then there exist (0,, X, Z), (0,, X', Z') G AT such that (0,, X+, Z) = 7^+(0,, X, Z) 
and (Og, X_,Z)= 7^- (0,, X', Z'). Moreover, from the property that 9{{0q, X+,Z) + 
T+) = (Og,X_,Z) + J-, wc find n-{%,X - X\Z - Z') = (mod X"). Let 
X" = -i{Z - Z') + R-{q){X - X'). Then it follows from the definition of T" 
that there exists Z" G f] such that TZ'^{Qq,X" , Z") = 0. Now, consider the element 
{%,X + \X",Z + \Z") G AT. Clearly, 11+ {%,X + \X" ,Z + \Z") = (Og,X+,Z). 
On the other hand, 

n-{%,x + ]^x",z + ]^z") 
={%,x_,z) + (o„x",o) + ^n-{%,x",z"). 

But as 

n-{%,x",z") 

=7^+(0g,X",Z")-(0„2X",0) 
= -(0„2X",0), 

it follows from the above that W {%,X + \X" ,Z + \Z") = (Og, X-,Z). Thus we 
have shown that ( (0, , X+ , Z) , (0^ , X_ , Z) ) G /m(7^+ , 7^- ) . □ 

The connection between (mDYBE) and our factorization theory is contained in 
the decomposition 

(o„x,o) = J7^+(Og,x,o) 

I (4.16) 

--7^-(o„x,o) 

where the element (0^, X, 0) on the left hand side of (4.16) is in the adjoint bundle 
Kera of AT. The reader should note that the vector bundles {7l+{0q, X,0) \ q G 
[/, X G g} are not Lie subalgebroids of AT unless i? is a constant r-matrix. As we 
pointed out in [LI], this fact has repercussion when we try to formulate a global 
version of the decomposition in (4.16) (see Corollary 4.6 below). 

In the rest of the section, we shall assume both G and U are simply-connected. 
Let r* be the unique source-simply connected Lie groupoid which integrates {A*T, 
[■,-]A*r)- Then {Tl'^,TZ~) can be lifted up to a unique monomorphism of Lie 

groupoids T* — y P x F which we shall denote by the same symbol. Now, de- 

UxU 

note by IT = {{u,g,u) \ u G U,g G G } the gauge group bundle of T. We let 
j : r X r — > IT be the map defined by j{a, b) = ah~^ and let m = j o (7^+, 7?.~). 

UxU 
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For the sake of completeness, we include the following Corollary of Theorem 4.5 

(a) which (essentially) gives a global version of the decomposition in (4.16) which 

we mentioned above (the reader can find the proof in [LI]). For its formulation, 

note that the Lie groupoid of {(Og,0, Z) \ q € U, Z e I)} C A*T is H xU, with 

target and source maps a'{h,u) = u, (3'{h,u) = AdhU and multiplication map 

m'{{h, u), {k, Adhu)) = (kh, u) (this is isomorphic to the Hamiltonian unit in [LP2]). 

On the other hand, the Lie groupoid of 7^^|(0g,0, Z) | g € ?7, Z G {)} is given by 

E = {{u, h, Adh-iu) \ u e U, h £ H} and TZ^ embeds H x U m E, TZ^ \ H x U : 

{h, u) ^ (u, h~^,Adhu). Clearly, the diagonal A(E) oi E x E acts on /m(7^+, 7^~) 

UxU 

from the right via the simple formula 

((u, k+,v), {u, k- , v)).{{v, h, Adh-i v), {v, h, Adh-iv)) 
={{u, k+h, Adf^-iv), {u, k-h, Ad^-iv)) 

and the map j \ Im{7l^ ,TZ~) is constant on the orbits of this action. 

Corollary 4.6. Suppose U is simply-connected, then j \ Im(TZ'^ ,TZ~) induces a 
one-to-one map j : Im(TZ'^ ,TZ~)/A{E) — > TV. Therefore, for each 7 G Imfh, 
there exists unique [(7+,7_)] in the homogeneous space Im{TZ'^ ,Tl~) / A{E) such 
that = 7. 

Let / € and consider the Hamilton's equation generated hy F = Pr^f. 

Then according to Corollary 2.7 (a), we can express its restriction to the invariant 
manifold 7~^(0) = C/ x {0} x g in the form 

l*'-"-^' (4.17) 

In the next theorem, we shall express the solution of (4.17) using the adjoint rep- 
resentation of r on its adjoint bundle Kera, defined by Ad-y(g, 0, X) = {q', 0, AdkX), 
for 7 = {q' , k, q) € F. We shall also make the identifications ^F, A*V ~ [/ x {) x g 
throughout. Thus the element (0,0, d/(Xo)) which appears in the theorem below 
will denote the constant section of Kera such that (0, 0, df{XQ)){q) = (q, 0, d/(Xo)) 
for q E U. 

Theorem 4.7. Suppose that f € Hq), F = Pr^f and qo G U, where U is 
simply connected. Then for some < T < 00, there exists a unique element 
(7+(t),7_(0) = iiqo,k+it),qit)),iqo,k.it),qit))) G /m(7^+,7^-) for < t < T 
which is smooth in t, solves the factorization problem 
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exp{2t{0,0,df{Xomqo) = 7+(i)7-(i)"' (4-18) 

and satisfies 

(T^7+(t)^+(t)-7+(i),r^-(t) V(t)-'T-(i)) G (7^+,7^-)({g(^)} X {0} X 0) (4.19a) 

with 

7±(0) = (<?o,l,(/o)- (4.1%) 

Moreover, the solution of (4-17) with initial data {q,0, X)(0) = (qo,0,Xo) (i.e. the 
induced flow on 7~^(0) generated by F) is given by the formula 

{q{t),0, X{t)) = Ad^^(i)-i (go, 0, Xo). (4.20) 

Proof. The uniqueness of the element (7+(t),7_(t)) is proved in the same way as 
in [LI] and makes crucial use of Corollary 4.6. 

Assuming the existence of the factors for the moment, we claim that {q{t), 0, X(t)) 
as given by (4.20) solves (4.17). First of all, we have 

Ad^_^(t)-i(go,0,Xo) 
= (g(t),0,^4^(t)-iXo) 
= (<?(*)i 0, 74dfc_(4)-iyl(ig-2 t<i/(Xo)Xo) 
= (g(t),0,^4_(t)-i^o) 
= Ad^_(t)-i(go,0,Xo) 

where we have used the fact that [df^Xo), Xq] =0. Take 

(g(t), 0, X{t)) = Ad^^(t)-i (go, 0, Xo). 
By differentiating the expression, we have 

|(g(i),0,X(i)) 

= (g(i ) , 0, [ X (t) , Tfc^ (,) l^^ - 1 fe+ (t) ] ) . (*) 

On the other hand, by rewriting (4.18) in the form 

exp{2t(0,d/(Xo),0)}(go) 7-(i) = 7+(i), 
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we have, upon differentiation, that 

= 2Ad^_(,)-i(go,0,d/(Xo)). 

But 

Ad^_(t)-i(go,0,d/(Xo)) 
= {q{t),0,Adk_^t)-^df{Xo)) 
= {q{t),0,df{Xm 

as / G I id)- Hence it follows that 

= 2{q{t),0,df{Xit))). 
Prom the property of j± in (4.19), we can now conclude that 

But 
while 

7^+(g(^),0,4f(X(^))) = {q{t),Il^df{X{t)),R+{q{t))df{X{t))). 
By equating the two expressions, we obtain 

q{t) = Hf, df{X{t)), 

and 

k+{t)=R+{q{t))df{X{t)). 
Therefore, on substituting into (*), we find 

|(g(i),0,X(t)) 
= (n^ df{X{t)), [X{t), R{q{t))df{X{t)) ]), 



as claimed. 

To prove the existence of the factors 7± {t) , simply solve the initial value problems 



k±{t) = T,k^^t)R^{qit))df{X{t)), k±{0) = 1, (**) 
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where q{t), X{t) are the solutions of (4.17) with initial data {q, 0, -'^)(0) = {go, 0, Xq) 
(which are known to exist by ODE theory). Set J±{t) = {go, k±{t), g{t)). As can be 
easily verified, we can combine the equations for g{t), k±{t) into one single equation 
for (7+(t),7_(t)): 

|(7.(0,7-(t)) 

= (T,(,(^))^^^(^)7^+(g(^), 0, d/(x(t))), ^,(,(t))Z^_(i)7^- iq{t),o, dfixm) 
= ^,,(^,(^^(^),^_(^)))^f^^(,),^_(,))(7^+,7^-)(g(^),o,d/(x(^))) (***) 

where ^_ ^^^^ represents left translation by (7+ (t) , 7_ (t) ) in the product groupoid 

P = r X r ^ U. Clearly, what we have just written down is a well-defined equa- 

UxU 

tion for (7_|_(f), 7_(t)) G Im{TZ'^ ,TZ~). Moreover, from the initial conditions for 
k±{t) and g{t), we have (7+(0),7_(0)) G Im{n+,n-). 
Now, from the equations for k± in (**), we find 

^7+(i)7-W-i'(7+W7-W-i)-i^7+(i) l-{t)~^ 

= (go,0,2d/(A4_(t)X(t))). 
But from the equation for k-{t) and X{t) , we have 

= Adk_(t)X{t) + [Tk_^t)rk_(t)-^k-it),Adk_(t)X{t)] 
= [Adk_it)X{t),Adk_i^t)R{q{t))df{X{t))] 

+ [ A4_ [t)R- {q{t))df{X{t)), Adk_ ^t)X{t) ] 
= 0. 

Therefore, Adk_(^i^X{t) = Xq and so 

(t)7_ (t) - 1 ^ (7+ (t)7_ (t) - 1 ) - 1 ^7+ (i) 7- (0 " ^ 
= (go,0,2d/(Xo)). 

As 7+(t)7_(i)-i = (go, A:+(^)fe_(^)-^go), this shows that k+{t)k-{t)-'^ = e'^^'^f^^"'' 
and consequently, 

exp{2 i(0, d/(Xo), 0)}(go) = l+{t) 7-(0"'- 



Thus it remains to show that condition (4.19 a) is satisfied. But this is immediate 
from (***). This completes the proof. □ 
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Corollary 4.8. Let tpt be the induced flow on 7~^(0) = U x {0} x q as defined in 
(4-20) and let (f)t be the Hamiltonian flow oj T = L* f on X, where L = Pr^ o p 
for a realization map p : X — >■ AT satisfying A1-A3. If we can solve for (f)t{x), 
X € J~^{p) explicitly from the relation p{^t){x) = iptipix)), then the formula 
(j)^^'^ o TTfj, = TT^ o o i^ gives an explicit expression for the flow of the reduced 
Hamiltonian J^^ = p* f- 

Remark 4.9 (a) The reader should not feel uneasy about the use of the equation 
(**) above (which involve the solutions q{t) and X{t)) to show the existence of the 
factors k±{t), and which are then used in turn to construct q{t) and X{t). As the 
reader will see in Section 6 below, knowledge of the existence of the factorization 
facilitates its construction. 

(b) If we take K = ^id^, which is what we will need in Section 6, then the 
factorization problem in (4.18) has to be replaced by exp{t{0,0, df{XQ))}{qQ) = 
7-(_(i) 7_ (i)~^. Otherwise, the solution formula is the same as before. 

(c) There is a similar method for solving the Hamiltonian flows generated by natural 
invariant functions on the gauge group bundles of cobundary dynamical Poisson 
groupoids. We shall refer the reader to [LI] for details. 

(d) For the hyperbolic spin Calogero-Moser systems and the spin Toda lattices 
which we introduce in the next section, the assumption in Corollary 4.8 (namely, 
we can solve for (ptix), x G J~^{p,) explicitly from the relation p{4>t){x) = -i/'t (p(a;))) 
are actually not satisfied in general. As the reader will see, some special structure 
of these equations still enables us to obtain the Hamiltonian flows on J~^(/x) from 
the induced flows on 7~^(0). 

(e) Clearly, Theorem 4.7 also applies in the case when R is a constant r-matrix. 
However, it is possible to formulate an analog of this result using the fact that the 
vector bundles {7?.^(0g, X, 0) \ q E U, X e q} are Lie subalgebroids of AT in this 
case, but we provide no details here. 

5. A family of hyperbolic spin Calogero-Moser systems and the spin 
Toda lattices. 

In [EV], the authors classified solutions of (mDYBE) for pairs (g, f)) of Lie al- 
gebras, where g is simple, and f) C g is a Cartan subalgebra. The purpose of 
this section is to introduce a natural family of hyperbolic spin Calogero-Moser 
systems associated with these solutions as another application of Proposition 4.2 
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(a). Remarkably, these models admit scaling limits, and the result is a family of 
Hamiltonian systems which may be regarded as a spin generalization of the Toda 
lattice. 

Let us begin with some notation. Let g = ^®YloieA the root space decomposi- 
tion of the simple Lie algebra g and let (■, •) denote its Killing form. For each a £ A, 
denote by Ha the element in t) which corresponds to a under the isomorphism be- 
tween i) and i)* induced by the Killing form (•,•). We fix a simple system of roots 
TT = {ai, ■ ■ ■ , ajv} and denote by the corresponding positive/negative system. 
For any positive root a G A+, we choose root vectors Ca € Qa and e_Q, G g_„ which 
are dual with respect to (•, •) so that [ea,e_Q] = Ha- We also fix an orthonormal 
basis (a;j)i<j<Ar of f). Lastly, for a subset of simple roots tt' C tt, we shall denote 
the root span of tt' by < tt' >C A and set W'^ = < it' . 

For any subset tt' C tt, we consider the following iJ-equivariant solution of the 
(mDYBE) (with K = ^idg): 

R{q)X = -J2 MQ)Xaea (5.1a) 

aeA 

where 

Mq) = 7; foraGTf'"^, 0„(g) = foraGTf'" 

<Pa{,q) = 2 coth(-(Q!(g)) for a G< tt' >, 

and Xct = {X,e-a), a G A. From now onwards, we shall assume G and H are 
simply-connected. 

Consider now the coboundary dynamical Lie algebroid which corresponds 
to this particular choice of R. By Proposition 4.2 (a), we know that the associated 
bundle maps TZ^ arc morphisms of Lie algcbroids, hence it follows that the dual 
maps (7^^)* = —TZ^ arc Poisson maps, when the domain and target arc equipped 
with the corresponding Lie-Poisson structures. Note that the Lie-Poisson structure 
{■,-}at on the dual bundle A*T TU x g of the trivial Lie algebroid is a 
product structure, as is evident from the expression in Remark 2.5. Hence we have 
iJ-equivariant realizations of (the dual of the trivial Lie algebroid AT) in the 
dual vector vector bundle ^F of the dynamical Lie algebroid A*T. 

To summarize, we have the following. 

Proposition 5.1. (TZ^)* are H-equivariant Poisson maps, where H acts on A*r, 
AT ~ TU X g by acting on the factor g by adjoint action. 
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To construct the spin Calogero-Moser system associated to the dynamical r- 
matrix R in (5.1), introduce the quadratic function 

Q{0 = 1(^,0, ees- (5.2) 

We shall take p = (7^"*")* to be our realization map (the other case with {Tl~)* 
is similar) and let L = Pr3 op, as in (3.3). Then the spin Calogero-Moser system 
associated to R is the Hamiltonian system on A*r ~ TU x g generated by the 
Hamiltonian 

n{q,p,0=L*Qiq,p,0 (5-3) 

Write p = Y^iPiXi, C = J2i Ci^i + J2cxeA ^aCa, then we have 

Proposition 5.2. The Hamiltonian of the spin Calogero-Moser system associated 
to the dynamical r-matrix R in (5.1) is given by 



- E 



2 



(5.4) 



8 sinh'^-^a(q) 
ae<7r'> 2 v^/ 

and is invariant under the Hamiltonian H-action on A*r ~ TU x g; 

h-{q,p,C) = {q,p,AdhO (5-5) 
with momentum map J : TU x q — ^ I) given by 

J{q,p,0 = -^i,C (5.6) 

Consider the level set J~^(0) which is invariant under the flow 4>t generated by 
Ti. Since J = 7 o p, where 7 is the momentum map in Proposition 3.1, we clearly 
have p{J~^{0)) C 7~^(0). Hence assumptions A1-A3 are satisfied. Therefore, 
the family of functions L*I{q) Poisson commute on J~^(0) and hence descend to 
Poisson commuting functions on the reduced Poisson variety J~^{0)/H. 
Remark 5.3 Note that if we consider the realization map p" = {TZ~)* = —Tl~^ 
instead, then we would have the slightly different Hamiltonian 



-- E 



- ^ . ,^ sinh^ ^a(q) 
and the associated Lax operator in this case is given by L~{q,p,^) = p — R'^{q)^. 
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Proposition 5.4. The Hamiltonian equations of motion generated by H on A*T 
are given by 

_1 ^ coth la(g) ^ 
8„e^,>sinh ^aiq) ^^ ^^ 



4---'' ■ 2- 4 sinh^ 



= [e,i?+(g)L(9,p,0]- 

Moreover, under the Hamiltonian flow, we have 

(n„0- = o 

L{q,p,0 = [L{q,p,0,R{q)L{q,p,0] (5-8) 
-c/i?(g)(n^ OL{q,p,0- 

Proof. Prom the expression for the Poisson bracket in Remark 2.5, the equations of 
motion are given hy q = S2'H, p = —SiH and ^ = Therefore, (5.7) follows 

by a direct computation. On the other hand, it follows from the definition of p 
that m{q,p,^) = q and T{q,p,^) = — IIj, ^ in the notation introduced in (3.1)-(3.2). 
Therefore, (5.8) is a consequence of Theorem 3.2 (c). □ 

We shall solve Eqn.(5.7) on the level set J~^(0) (where Ilf, ^ = 0) in Section 6 
below. In order to write down the equations of motion of the reduced Hamiltonian 
system, we have to restrict to a smooth component of J~^{0)/H = U xt)X {\)^/H). 
Por this purpose, we consider the following open submanifold of g: 

W = {e€0|4a. = (e,e-„J^O, i = l,...,N}. (5.9) 

Clearly, TUxU is a Poisson submanifold of TU x g ~ A*T and the iJ-action defined 
by (5.5) induces a Hamiltonian action on TU x U. Therefore, the corresponding 
momentum map is given by the restriction of the one in (5.6). To simplify notation, 
we shall denote this momentum map also by J so that J~^(0) = TU x (f)-*- (lU). 
Now, recall from [LX2] that the formula 

N N 

9(0 = exp (^^(C,-,logC„J/i„,) (5.10) 
i=i j=i 

defines an if-equivariant map g : U — > H, where C = (Cij) is the inverse of the 
Cartan matrix and h^i = (^a^a i = 1, . . . , N. Using g, we can identify the 
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reduced space J~^{0)/H = TUx{^^f\U/H) with TU xg^ed, where g^ed is the afhne 
subspace e + X^^eA-Tr ^^ou ^'^id e = X^^i ■ Indeed, if we write a = 'Y^f=i "^K^^i 
for each a G A, then the identification map is given by 

K]) (9,P,^<^g(0-iO! (5-11) 

where exphcitly, 

N 

Ad,(^)-iC = e+ ^ Ca(n^^"")e- (5-12) 
Thus the natural projection ttq : ^~^(0) — > TU x g^-ed is the map 



^ ('?,P,-4(ig(^)-iO. (5.13) 

We shall write s = ^^g^ Saea for s € Qred (note that Sq,^. = 1 for j = 1, . . . , A^). 
By Poisson reduction [MR], the reduced manifold TU x Qred has a unique Poisson 
structure which is a product structure , where the second factor g^ed is equipped 
with the reduction (at 0) of the Lie- Poisson structure on U by the if-action. Now 
the symplectic leaves of gred are the symplectic reduction of OflW at 0, where O C g 
is an adjoint orbit [MR]. In other words, any symplectic leaf of g^ed is of the form 
(O n W n i)-^)/H, and we shall denote this by Ored- Consequently, the symplectic 
leaves of TU x g^ed are of the form TU x Ored, which is of dimension equal to 
dimO. Therefore, if H is the Hamiltonian of the hyperbolic spin Calogero-Moser 
system in (5.4), then its reduction Ho on TU x g^ed is given by 

« ae<7r'>+ ^ 

where s G g^ed- 

Remark 5.5 (a) In the special case where tt' = tt, the Hamiltonian system gener- 
ated by Ho is isomorphic to the one in Reshetikhin's paper [R] . 

(b) The family of integrable hyperbolic spin Calogero-systems constructed in this 
section are different from the ones in [LX2]. Although they look similar, however, 
their explicit integration requires different tools. To be more precise, the factoriza- 
tion problems for the systems in [LX2] are associated with infinite dimensional Lie 
groupoids whose vertex groups are loop groups. The solution of such factorization 
problems requires the use of algebraic geometry (compare Section 6 and [L2]). On 
the other hand, from the point of view of proving complete intcgrability, the two 
distinct families of hyperbolic systems also require totally different considerations. 
We shall discuss these matters in subsequent publications. 
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Proposition 5.6. The Hamiltonian equations of motion generated by Ho on the 
reduced Poisson manifold TU x g^gd given by 



q = p 
P 

o 

Qg<7r'> 

s = [s,M 



coth ^a{q) 
8 sinh^ 



where 



-K 



ae<7r'> 2 ae<7r'>-7r' ^ 

cui — aG A 



(Here we use the notation [cq,, e^j] = Na^fjCa+p if a + (3 £ A.) 

Proof. The first two equations are obvious from Proposition 5.4 and tlic definition 
of s. To derive tlie equation of s, we differentiate s = Ad^^^^-^-i^ witli respect to t, 
assuming ^ satisfies the equation in Proposition 5.4 with Ilf, ^ = 0. Then we have 



^'2^ 4 sinh^ ia(g) 

a€<7r'> ^ 



oi{logg{0) 



By a direct computation, we find ^„e-«('°ss(€)) = CaiU^^i Car'") = Mean- 
while, by differentiating g{C)~^, we obtain 



But 



2^ 4 "^.^ sinh^ ^otiq) 

<7r'> ^ 



— aG A 



whereas |p = Cjiaj{\p)hai- Therefore, on substituting the above expressions 
into (*), the desired equation follows. □ 
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In the rest of the section, we shall describe a scaling limit of the hyperbolic spin 
Calogero-Moser systems. More precisely, we consider 

q = X + 2tw, r > 0, 

^i = Vi, i<i<N, (5.15) 
^« = ?7„e^, a G A, 

in the limit r — > oo, where 

w= (5.16) 

^ (a, a) ^ ' 

Note that this is analogous to the one in [DP] , where the standard (spinless) elliptic 
Calogero-Moser system was considered. Clearly, a(w) = (a, (5^), where 

If for a G A, we write a = YliLi "m-aOH: then it is not hard to show that 

N 

l{a):=aiw)=J2<- (5-18) 

i=l 

Therefore, l{a) is the level (or height) of a. Hence l{a) is an integer, and assumes 
the value 1 if and only if a G vr. 

Now, with the definition of x and r]a in (5.15), it is easy to show that for a G< 
tt' >+, we have 

. If r" , - 4r?„r?_,e-«(-)-^-W°)-i) , r ^ oo. (5.19) 
Therefore, if a G< tt' > — tt', we have 

On the other hand, if a G tt', we obtain 

lim . ^ = 4r?„ry_„e-«(-). (5.21) 

T->oo smh,'^ -^Oiyq) 

Accordingly, the scaling limit of the Hamiltonian Ti. of the hyperbolic spin 
Calogero-Moser system is given by 

n'ix,p,ri) =\^p1 + + \^Pi'ni 

^ ^ ' (5.22) 

- ??a77-ae-«(^). 
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Note that in contrast to the spinless case, we do not know a priori the Poisson 
manifold on which W is defined. This issue will be settled below, but first we shall 
work out the scaling limits of the Hamiltonian equations of motion and the (quasi) 
Lax equation in Proposition 5.4 which will in fact give us some clue to this problem. 

Let 

N 

ri = ^ rjiXi + ^ rjo^eo,. (5.23) 

i=l agA 

Proposition 5.7. The scaling limit of the Hamiltonian equations of motion in 
(5.7) is given by 

X =p + -Hf, r], 

r 1^ In 

Proof. The equation for x is obvious from the equation for q. On the other hand, 
the equation for p is a consequence of our previous analysis in (5.20)-(5.21) and the 
fact that coth ^a{q) — 1 as r ^ oo for o; G A""". To get the last equation above, 
we make the substitution from (5.15) into the equation for ^ and then divide both 
sides by e^, this gives 

1 1 1 ^-^ r/„e^ 



e ^Uf,r) + n(,x i],-Ut,r]+ -p- - ^ 



- ,^ sinbi^ ^a(x + 2tw) 

o;€<7r'> 2 ^ / 

as (Hf, ri)' =0. Therefore, upon letting r ^ oo, we find 

(ni,x T])- = [n(,x r], ^Ut, v + ^p]- 

Combining this with (Ilf, 77) ' =0, the equation for rj follows. □ 

At this juncture, we remark that the Lax operator L{q,p,^) does not actually 
admit a finite limit, as can be easily verified. However, we can remedy this by 
considering the following gauge-equivalent equation: 

{Ade-Tw L)' =[Adf,—r-wL, Adf,—r-wR{q)L] 

- Ade-r,.dR{q){Ut, ^)L. 

Thus we introduce 

Lt-{x,p, 7]) := Ade-rn,L{x + 2tw,p, Iff, + e'^IIjjX r/), 

(5.26) 

Mt{x,p, rj) := Adg-Tn, R{x + 2tw)L{x + 2tw,p, Ilf, r/ + e^I[^± rj). 
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Using the relation Ad^-Twea = e~^"^"^eQ, and the iJ-equivariance of R, we easily 
find that 



1 gia(x+2Tw) 

=p+-Ut,ri+ 2^ 



2^^"" ' ^^^,^2sinhia(x + 2™)^"" (5.27) 



-T(Z(a)-l)^ 



whereas 



1 1 g|a(a;+2T«)) 

coth -a{x + 2r^.) r?.e 



-T(Z(a)-l) 



2,,t^,> 2^ ^2sinhi«(x + 2™) (5.28) 

2 



+ 1 E ^ae-^('('^)-^)e„. 



aG7r'+ 

Now for a G< tt' >+, we have 



2 sinh ^q;(x + 2tw) 



Similarly, for a G< tt' > , we obtain 



e-^('(«)-i) ~-e«(^)+^««)+i), r^oo. (5.30) 



2 sinh |a(a: + 2ri(;) 
Proposition 5.8. We have 

L{x,p,r]) := lim Lr{x,p,r]) 

T— >00 



M(a;,p, r/) := lim Mr{x,p,ri) 



e ""(^)r7 e 



(5.31) 



(5.32) 



~ 2 E '^"^^ 2 ^ 
Moreover, the scaling limit of the (quasi) Lax equation (5.8) is given by 

L = [L,M] = [L,R(L)] (5.33) 
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where R is the constant r -matrix defined by 



2 ^ ^ wu-u; 2 



Proof. Using the asymptotics in (5.29)-(5.30), we obtain 



lim -T(lia)-1) ^ I 



r^oo 2 sinh |q:(x + 2Tif;) 



'0, a G< tt' > -(tt' U (-tt')) 

1, a G tt' 

-e"(^), aG-7r' 



from which the formulas for L and M follow. Therefore, in order to demonstrate 
the validity of (5.33), it remains to show that 

lim Ade--rradR(x + 2Tw)(Ilh r))L(x + 2TW,p,Ilh rj + e^Ilh± r)) = 0. 
By the i^-equivariance of R and its explicit expression, 

Adf,—r'wdR{x + 2rw)(n(, ri)L{x + 2rw;,p,n[, rj + e^IIjjj. 77) 
= dR{x + 2rif;) (IIj, ?7)-Lt- (x, p, ry) 

pia(a;+2Tii)) 

= ^, °'""''"° (2sinhHx + 2r^))» -'""°'"'°- 
But as T — > 00, we have 

„ia(x+2TM)) 

^ g-r(Ua)-l) 



(2 sinh ^a{x + 2tw))^ 

g-a(x)-T(3/(a)-l)^ a G< tt' >+ 
_g2a(x)+T(3i(a)+l) ^ O: G< Tt' >" . 

Hence the required property follows. □ 

Remark 5.9 (a) The constant r-matrix R is the scaling limit of the dynamical 
r-matrix in the sense that R(^) = limT-^oo Rix + 2tw)^. 

(b) It is a remarkable fact that the (quasi) Lax equation (5.8) scales to the genuine 
Lax equation in (5.33). In other words, the obstruction to integrability dissolves in 
the scaling limit. 

(c) The reader should note that the scaling limit above is a singular limit. For 
this reason, the geometric structures are not preserved. As the reader will see 
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in what follows, is defined on a Poisson manifold different from that of H. 
Therefore, it is not surprising that their Hamiltonian realization would require 
separate consideration. 

We now describe a Hamiltonian formulation of the equations in Proposition 5.7. 
To do so, we consider the trivial Lie algebroid 5 = Tf) x g over ^, where g is 
identified with the scmi-dircct product [) k associated with the representation 
ad of the Cartan subalgebra f) in i)-*-. Thus the Lie algebroid bracket on S is given 

by 

[{Z,X),{Z\X')]s{x) 
={dZ'{x)Z{x) - dZ{x)Z'{x), dX'{x)Z{x) - dX{x)Z'{x) (5.35) 
+ [Il^X{x),Ii^^X'{x)\- [Il^X\x),Ii^^X{x)\) 
where Z^Z' ■.\) — >• f) , X, X' : f) — >^ g are holomorphic maps and a; € I). 

Proposition 5.10. The Lie-Poisson structure on the dual bundle S* ~ [) x [) x g 
of the trivial Lie algebroid S is given by 

{V,'^}s* {x,p,v) 

and the Hamiltonian equations generated by (p : S* — > C are: 

X = S2(p, 

p = -Slip, (5.36) 
V = [v,'^i) M +n(, [r),Sip]. 

Proof. Using the method of calculation in Section 2, we have 

{ip,i)}s*{x,p, rj) 
=hs{v),sW]s(^^P^v) + {Siip,52ip) - {5iip,S2ll^). 

Now, from the expression for [•, -Js, it is easy to check that 

[s{(p),s{il^)]six) 

=(0, [n^5^,n^x5V] - [nf,<5V',n[,xM). 

Hence we have 

={rj, [n„ Sip, n^x S^] + [H^x Sip, Hf, s^]). 
Assembling the calculations, we obtain the formula for {ip,ip }s* {x,p, rj). □ 



HYPERBOLIC SPIN CM AND SPIN TODA 



33 



To prepare for our next result, we need to introduce further constructs. First of 
all, let A* 2± r() X be the coboundary dynamical Lie algebroid associated with 
the constant r-matrix R. Since i) is Abelian, the Lie-Poisson structure on its dual 
bundle Ac^Tt) x q takes the form 

=(77, [R{5ip) - 62^, + [S^, K{5iP) - 62^^J]) (5.37) 

Now, define 

p:T[)X0~5* — ^A~T[)xg 

(5.38) 

{x,p,rj) (x, -Ut,r],L{x,p,r])). 

Theorem 5.11. p is an H-equivariant Poisson map, where the H-action on S* 
given by 

h ■ ix,p,r]) = {x,p,Adhr]) 

= {x,p,Ut^ T] + Ut^±Adhr]) 

is Hamiltonian with equivariant momentum map J : Tf) x g — > f], {x,p,rj) 
— Ilf, 77. Moreover, the equations in Proposition 5.7 are the Hamiltonian equations 
generated by 7i^{x,p,rf) = h*Q{x,p,ri) in the Lie-Poisson structure {^-js* and 
admit L*7(g) as a family of conserved quantities in involution. 

Proof. Let (p, ip & C°°{A). By direct calculation, we have 

d{ipo p){x,p,r)) 

= - S2<p{p{x,p,ri)) + ^Hf, S(p{p{x,p,r])) 

^ e °'^''\6ip{p{x,p,r]))ocea, 

Si{ipo p){x,p,r]) = Siip{p{x,p,r]) + EaG^r' ^'PaVae-°'^^'^Ha, and 62{(p o p){x,p,r]) = 
Ilfi Sip{p{x,p,ri)). To simplify notation, let X = Sip{p{x,p,ri)), Y = Si(p{p{x,p,ri)) 
and Z = 62^ip{x,p,ri)) and denote the corresponding quantities associated with ip 
by X', Y' and Z' respectively. Then it follows from the expression of { •, • j^* in 
Proposition 5.10 and the above calculation that 

{V? o o p)s. {x,p, T]) 

= ^ e-«Wr/_„XXZ + in^ X) + Y^ n„X'_^ a{Z - ^U^ X) 
+ (y' , Hf, X)-{X ^ X', Y ^Y',Z ^ Z'). 
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On the other hand, 

{'P,ik}AO p{x,p,v) 
=(L(x,p,r?), [R(X) - Z,X'] + [X,R{X') - Z']) 

+ (y',nf,x)-(F,nf,x'). 

But 

ri^e^, [R(X) - Z, X'] + [X, R(X') - Z']) 
= ric.X'_^a{Z - X)-{X^ X' , Y^Y',Z^ Z'), 

while 

J2 e-"(^)77«e«, [R(X) - Z,X'] + [X,R(X') - Z']) 

= J] e-«(^)r?_„xXz + in^ X) - (X ^ X', y ^ y , z ^ z'). 

Putting the calculations together, we conclude that {ip,tp}A ° p{x,p,r]) is identical 
to {if o p,tp o p}s*{x,p,ri). Thus p is a Poisson map. Alternatively, we can also 
establish the assertion by showing that the dual of the bundle map p is a morphism 
of Lie algebroids. 

To show that the equations in Proposition 5.7 are the Hamiltonian equations 
generated by in the Poisson structure { •, • }s* > note that 

and 

From these formulas, it is clear that the equations for x and p from (5.36) with 
= W arc identical to the corresponding ones in Proposition 5.7. To show that 
the equations for r/ are identical as well, it is enough to check that [r/, 5W ] G f)-*-. 
Write 77 = Hi, ?7 + IlfjX r/ and substitute into [77, 5W]. As [(),()"'"] C f)"*", we only 
have to consider the term [Hi^x 77, — ^^g^, e~"(^) (770,60, +77_oe_o)] in [77,5?^*]. 
Expanding out, we have 

[ n|,x 7?, - ^ (7?„ec, + V-aS-a) ] 

= e""^''^r/a77^[e^,ea] - ^ ^ e-«^^^77_„r/_^[e_^, e-J 

(^~"^''^V-aVfs[efS,e-a]- Yl Yl e-°(^)r/a77_^[e_^,ea]. 
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Clearly, the first two terms of the above sum are in f) . Now, 

a£7r' 

while 

= - E e-'^^^^VaV-aHa. 

So the sum of the last two terms in the above sum is in as well. We shall leave 
the rest of the proof to the reader. □ 

We shall call the Hamiltonian systems generated by in the Lie-Poisson struc- 
ture spin Toda lattices. To close this section, we shall consider reduction 
of the spin Toda lattices . As before, wc consider the submanifold U defined in 
(5.9). Then clearly, the iJ-action defined in Theorem 5.11 induces a Hamiltonian 
action on Tl) x U. Denote the corresponding momentum map also by J, we have 
J~^(0) = Tf) X n U). In this case, it is easy to verify that a generic orbit 
O C Q (recall that g ~ f) x f)-*") is of dimension 2N, where N = rank^Q). Therefore, 
Ored = {O {MA r\\]-^) / H is a point. Indeed, we have 

Corollary 5.13. The reduction of the Hamiltonian W of the spin Toda lattice on 
Tf) X Ored is given by 

i aS7r' 

where Ca = s-a is a constant. Thus the Hamiltonian equations of motion generated 
by Hq are: 

x = p, 

p = -J2c.e-^^^H^. (^-^^^ 

ckGtt' 

□ 

Hence by reduction, we obtain a family of Toda lattices parametrized by subsets 

it' of TT. 
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6. Solution of the hyperbolic spin Calogero-Moser systems and the 
spin Toda lattices. 

(a) The hyperbolic spin Calogero-Moser systems. 
We begin by solving the equation 

for the hyperbohc spin Calogero-Moser system which we obtain from Proposition 
5.4 by restricting to the invariant manifold J~^(0). As the reader will see, this 
will lead us eventually to the solution of the associated integrable model, whose 
equations are given in Proposition 5.6. 

In order to set up the factorization problem properly it is necessary to have 
precise knowledge of the Lie algebroids and Lie groupoids involved. Let us begin 
to describe these objects. Let b~ = I) + J2a€A- Sa ^^'^ b"*" = f) + J2a€A+ 0" 
opposing Borel subalgebras of g. Prom the definition of R in (5.1), we have 



% ae<7r'> 2 V^/ 



(6.2) 



Therefore, R'^{q)^ is in the parabolic subalgebra 

0!e<7r'>+ 

containing b~, while R~{q)^ is in the parabolic subalgebra 

P+=b++ Yl (6.4) 

ae<7r'>- 

containing b"*". Now, recall that we have the standard decompositions [Kn] 

p^, =0.-+n± (6.5) 

where 
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is the Levi factor of p^, , and 

<' = E 0« (6.7) 

axe the nilpotent radicals. Moreover, we have the identity 

S = n;, +fl.'+n+. (6.8) 

Let P^, Gtt' and N^, be the simply-connected Lie subgroups of G with corre- 
sponding Lie subalgebras p J, , q^' and n^, . Then we have 



P^, = N^,G^. (6.9) 

and the submanifold 

Go = N-,G^,N+ (6.10) 

is an open dense subset of G. 

Prom the explicit expression for in (6.2) and the definition of T^"*", we find 
that 

Imn+ = U {OJ X p- X (). (6.11) 

qeu 

Similarly, we have 

ImTZ- = [j {Oq} X Pt' X i). (6.12) 

q€U 

Therefore, the unique source-simply connected Lie groupoids of ImTZ^ are given 

by 

r± = U X P^, xU. (6.13) 
We next describe the ideals of (4.7) for the case under consideration. 
Lemma 6.1. X± = Uqet/iOJ ^ x {0}- 

Proof. We shall give the proof for I~ . Suppose (Oq,X, 0) G X~, then there exists 
Z £[} such that n+{Oq,X, Z) = 0. Equivalently, we have -iZ + R'^{q)X = and 
Ilt,X = 0. But from the explicit expression for R'^ in (6.1), we easily find that 
Xa = for asA~U<7r'>"'". This shows that X G n^, . The converse is clear by 
reversing the steps in the above argument. □ 

Prom this lemma, it follows that 

Imn+/I+= {J{Oq}x{p-,/n-,)xi) 

(6.14) 

- U X Stt' X f) 

qeu 



38 L.-C. LI 

where the identification map is given by 

{%,X + n-,,Z) ^ {Og,U-^,X,Z). (6.15) 

Here, 11" , is the projection onto Qt^' relative to the direct sum decomposition 
Pn' = St' Similarly, 



imn-/i-= U{oJx(p;^'/<Ox[) 

qeu 



(6.16) 



This time, the identification is given by the map 

(0„X + n+,Z)^ (0„n+,X,Z). (6.17) 

and n+ , is the projection onto g,r' relative to p^, = g,r' + n^'- 

Proposition 6.2. The isomorphism 9 : ImRr^ /Z^ — >■ ImTZ~ /I~ defined in 
Proposition 4-4 is given by 

0(O„n-,X,Z) = {Og,-tZ + Ad,,U-^,X,Z) (6.18) 

for allq eU, X e p~, and Z G f). 

Proof. From the expression for R^{q)^, we have 

1 1 x-^ e~5«(9) 

«(o„-.z' + -n,{-- i: ^^{„.„,n,a 

ae<7r'> 2 

ae<n'> 2 v>iy 

The assertion then follows from the identity Adeie^ = e^^^^Co,. □ 

We shall make the natural identifications N^,\P^, ~ G^^' using the relation in 
(6.9) in what follows. 

Corollary 6.3. The isomorphism 6 can be lifted up to a Lie groupoid isomorphism 

e -.u X iN;,\p-,) xU^Ux (iV+\P+) xU 

(6.19) 

{u,X {g),v) ^ (u,e"A {g)e ^^;) 

where for g G P~,, \~{g) G G^r' denotes the factor in the unique factorization 
g = v-{g)X-{g), u-{g)eN-,. 
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Proof. This is straightforward verification. □ 

We are now ready to solve Eqn.(6.1). To do so, we have to solve the factorization 
problem 

exp{t{OAL{qo,Po,^o))Kqo) = T+Wl- (6-20) 



for (7+(t),7_(t)) = {{qo,k+{t),q{t)),{qo,k-{t),q{t))) G Im{n+ ,n-) satisfying the 
condition in (4.19), where {qQ,po,£,o) G ^~^(0) = TU x (Zx/nf)-*-) is the initial value of 
{QjPj €)■ We shall use the following notation (analogous to what we did in Corollary 
6.3): for g G P^, ^'"'"(5) G N^,, ^+(5) G Gt^i will denote the factors in the unique 
factorization g = v^{g)X^{g). 

With the notation above, we have k±{t) G P^,. Therefore, the relation e*^(^0'J'°'^o) = 
k-^.{t)k-{t)~^ (which follows from (6.20)) can be rewritten in the form 

gtL(9o,Po,«o) ^ i,-{k+{t))X-{k+(t))X+(k-(t))-^u+(k-(t))-^. 

But from Theorem 4.5 (b) and Corollary 6.3, we have X+{k-{t)) = ei° X' {k+{t))e-i'^^\ 
Hence it follows that 

=i/-(fc+(t))(A-(fc+(t))e<'WA-(A;+(t))-^e-«°)i.+ (A;_(0)-^ ^^'^^^ 

where the middle factor is in Gj^' and i'^(k±(t)) G N^,. We shall obtain the factors 
i/^(fc±(i)), A~(A;+(t)) and q{t) in several steps. First of all, from the fact that 
gtL{qo,po,^o) g can find (as a consequence of (6.9)) unique g{t) G G^', 

n+(t) G N^, satisfying n+(0) = ^(0) = 1 such that 

gti(9o,Po,«o) = g{t)n+{t)-\ (6.22) 

By comparing (6.21) and (6.22), we obtain 

v-{k+{t)) = 1, i/+(A;_(t)) = n+{t). (6.23) 

Hence (6.21) reduces to the factorization problem 

g{t)e^° = X-{k+{t))e'i^'^X-{k+it))-\ (6.24) 

Since G^r' is a reductive Lie group, we can find (at least for small values of t) 
x{t) G Gtt' (unique up to transformations x{t) x{t)S{t), where S{t) G H) and 
unique d{t) G H such that 



5(i)e«'' = x{t)d{t)x{t)-^ 



(6.25) 
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with x{0) = 1, d{0) = e'°. This uniquely determines q{t) via the formula 

q{t) = logd{t). (6.26) 

On the other hand, let us fix one such x{t). We shall seek X~{kj^{t)) in the form 

A-(/e+(t)) = x{t)b{t), b{t) G H. (6.27) 

To determine h{t), we impose the condition in (4.19 a). After some calculations, we 
find that h{t) satisfies the equation 

m = T,k^t){\m - Ii^{T,^tMy.x{t))) (6.28) 
with 6(0) = 1. Solving the equation explicitly, we find that 

1 /•* 

X-{k+{t)) = x{t)exp{-{q{t) - go) - n[,(T,(,)Z,(,)-iir(r)) dr}. (6.29) 

Combining (6.23) and (6.29), we finally have 

1 /•* 

k+{t) = x{t)exp{-{q{t) - qo) - n(,(r,(,)Z,(,)-ii(T)) dr}. (6.30) 

Hence we can write down the solution of Eqn.(6.1) by using (4.20). Note, however, 
we cannot determine ^{t) from the solution for L as the expression for L does not 
involve ^q, for a G 7f ' ". The solution of Eqn. (5.7) on J"^(0) is given in the following. 

Theorem 6.4. Let (qo,Po,Co) G -^"^(0) = TU x (W n i)-^). Then the Hamiltonian 
flow on J~^(0) generated by 



- y. 



2 



8 sinh'^-^a(q) 
ae<7r'> 2 v^/ 

with initial condition (g(0),p(0), ^(0)) = {qo,Po,^o) is given by 

q[t) = logd{t), 
^{t) = ^4+(t)-i?o, 

1 .r-^ e^"(^(*)) 
2^^-^,^smh2a;(Q(i)) 
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where d{t), k±{t) are constructed from the above procedure and in the expression 
for pit), the quantities q(t) and ^{t) which appear on the right hand side are given 
by the formulas above that expression. 

Proof. We first show ^(t) = ^dfc_,.(t)-iCo solves the equation ^ = R'^(q)L(q,p,^) ] 
in Proposition 5.4. To do so, we differentiate the expression for ^{t), this gives 

m = [T^^^tyirk^(^t)j^K{t)-\m]- 

But 

= -R+iq{t))L{qit),p{t),m) 
from the argument in Theorem 4.7. Hence the claim. To get the formula for 
p{t), we simply equate the following two expressions for L{{q{t) , p{t) , ^{t)) , namely, 
Liq{t),p{t),^{t)) = ^dfe^(i)-iL(go,Po,Co) and 

L{q{t),p{t),at))=P{t) + l E sinhll'rL)) ^"^^^''" 

+ E 

This completes the proof. □ 

We next turn to the solution of the associated integrable model on TU x g^ed with 

Hamiltonian 'Ho{q,P, «) = i Ei - i Eae<7r'>+ sinh^i^iq) ^^'^ "^^^^ equations of 
motion given in Proposition 5.6. 

Corollary 6.5. Let {qo,Po,So) € TU x Q^ed o-i^'d suppose Sq = Adg(^^gyi^o where 
^0 € Z// n f)"*-. Then the Hamiltonian flow generated by Hq with initial condition 
{q{0),p{0),s{0)) = {qo,Po,so) is given by 

q{t) = logd{t), 

^(^)=^%W.K^,^,_,.„))-^^°' (6.32) 
p{t) = Ad. , XX -i(po - i?"(go)so) + R- {(i(t))s{t). 

where k+{t) = g{^o)~^ k+(t)g{^o) and d{t) are as in Theorem 6.4. 
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Proof. We shall obtain the Hamiltonian flow generated by Ho by reduction. Using 
the relation (^I^'^ottq = ttqo^^oiq from Theorem 3.2 (c), we have 4't^'^{qQ,Po,SQ) = 
{q{t),p{t),Adg(^^(^^^yi^{t)) where q{t), p{t) ^{t) are given by the expressions in The- 
orem 6.4. Thus 

S{t) =>ldg(5(t))-l4(t) 

where we have used the i?-equivariance of the map g. To express p{t) in the desired 
form, introduce the gauge transformation of L: L{q,p,s) = Adg(^^yi L{q,p,S,) = 
p — R~{q)s, where as before, s = Adg^^yi^. Then 

L{qit),p{t),s{t)) =^dg(^(t))-i^4+(t)-i^(9o,Po,Co) 

But L{q{t),p{t),s{t)) is also equal to p{t) — R~ {q{t))s{t). By equating the two 
expressions, we obtain the desired expression for p{t), as claimed. □ 

Remark 6.6 (a)It is easy to show that the element = g{^o)~^k-^-{t)g{^o) 

depends only on sq, and not on the particular element & U D t)^ for which 
^^9(io)-^^o = So- Indeed, from the factorization 3^^''°''^°'^°^ = k-^-(t)k-(t)~^ , we see 
that if we replacc^o by Adh^^Q, h H, then the factors k±{t) will be replaced by 
hk±{t)h~^ . As g{Adhio) = hg{^o), our assertion easily follows. Note that this is 
exactly the reason why we have chosen to express s(t) and p{t) in the form given 
in the above Corollary. 

(b) In [LI], wc introduced a family of hyperbolic spin Ruijsenaars- Schneider models 
on the coboundary dynamical Poisson groupoids (T = U xGxU, {■, ■ associated 
to the same R's which we use here. Recall that these arc generated by nonzero 
multiples of = Pr2Xii i = 1; ' ' ' > -^j where Pr2 in this present case denotes 
projection onto the second factor of F, and Xij • • • jXat are the characters of the 
irreducible representations corresponding to the fundamental weights wi , . . . , un 
[St]. If we take the Hamiltonian Hi, say, then its Hamiltonian flow on the gauge 
group bundle IV is defined by the equation 

= (- Dxi{g), \T,rg R{q){Dxi{g)) - l^lg R{q){Dxi{g)), -^Hf, Dxiig)) 
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where Dxi{g) is the right gradient of Xi- In this case, the factorization problem on 
r (from [LI] and our analysis above) gives 

g-tDxj(go) 

= i.-(fc+(t))(A-(fc+(t))e^WA-(A:+(t))-ie-«")i.+ (A:_(t))-i 

using the same notation as before (of course, the k± here are different from the 
ones above). If for small t, n±{t) G N^,, g(t) £ G^r' are the unique solution of the 
factorization problem 

satisfying n±(0) = ^(0) = 1, then 

i^-{k+it)) = n.{t), i/+(/c-(i)) = n+{t). 
Consequently, the factorization problem reduces to 

5(06"" =A-(fe+(t))e'^«A-(fc+(t))-i 

and therefore the solution proceeds as before. Finally, we can write down the 
Hamiltonian flow on IT using the formula from [LI], namely, 

iqit),g{t),q{t)) 

= {Qo, k±{t),q{t))~^{qo, go, qo){qo, k±{t),q{t)). 

(b) The spin Toda lattices. 

In this final subsection, we shall discuss the solution of the spin Toda lattices. 
In this case, we have 

/m7^± = IJ {0 J X X f) (6.33) 

where are the opposing Borel subalgebra of g introduced at the beginning of the 
section. Let be the simply-connected Lie subgroups of G which integrate b^, 
then the unique source-simply connected Lie groupoid of ImR^ are given by 

r± = f) X X f). (6.34) 

Now, the ideals of (4.7) in the present case are: 

X± = IJ {OJ X n'F X {0} (6.35) 

gef) 

where = ^Qg^i Sa- We shall denote by A'"^ the simply-connected Lie sub- 
groups of G with Lie{N^) = n^. To cut the story short, we have the following 
result when we go through the analysis. 
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Theorem 6.7. Let {xo,Po,Vo) e Tf) x g ~ 5* and let n±{t) G N^, h{t) e H be 
the unique solution of the factorization problem 

gtL(xo,po,w) = n-{t)h{t)n+{t)-^ (6.36) 

(valid for < t < T for some T > 0) satisfying n±(0) = h(0) = 1. Then the 
Hamiltonian flow on x g ~ 5* generated by the Hamiltonian 

i i i 

with initial condition {x{0),p{0),r]{0)) = {xo,po,r]o) is given by 
x{t) = xq + log h{t), 

ri{t) = Ad ii,^h^t)Vo, 

p{t) = A4^(,)-iL(xo,Po,r?o) - e---''^''"''^'^Hvo)-aea (6-37) 
where 

k±{t) = n^(t)e^5«°9''(t). (g_38) 

Proof. The expression for x(t) is clear if we write down the expression analogous 
to (6.21) and compare that with the factorization in (6.36). On the other hand, it 
is clear from the same expression that A;+(t) = n-{t)b-{t) where h-{t) G is to 
be determined from the condition given in (4.19). If we spell this out, we find that 
h-{t) satisfies the equation 

with 6-(0) = 1. Solving the equation explicitly, we have 6_(t) = g^(^{t)-^o) _ Now, 
in order to solve the equation for rj in (5.24), the crucial point to note is that we can 
rewrite this equation as rj = [t], ^nfjL(x,p, r/)]. Finally, we can obtain the formula 
for p{t) by equating the following two expressions for Ij{x(t),p{t),T](t)), namely, 
L{x{t),p{t),r]{t)) = yl4^(t)-iL(xo,po,%) and 

L{xit),pit),r]{t)) =p(i) + ^n^% + l]^a(i)ea- Yl e""^"^*^^r/_c.(i)e-a- 

This completes the proof. □ 

The solution of the family of Toda lattices in Corollary 5.12 is now straightfor- 
ward. We shall leave the easy details to the reader. 
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Appendix 

Proof of Lemma 4-1- 

Prom the definition of TZ and the expression for [ •, • Jaf, [ ]A*r, we have 
[7^(0, A, Z),n{0, A', Z')Uriq) - 7^[(0, A, Z), (0, A', Z')U*r{q) 

where (after the obvious cancellations) 

A = [R{q)A{q),R{q)A'{q)]+ < dR{q){-)A{q), A' (q) > +{i?(g)a4(^)^(^) 
+ dRiq)i*A{q){A'{q)) - dR{q)adl^^^q{A' {q)) - [Z {q) , R{q) A\q)] 
- R{q)ad*z^^-^A'{q) -{A^A',Z^ Z')] 

and 

Z = L*ad*ji(^g^j^(^g^A'{q) - i*a(i^(g)^,(g)A(g) + ad<(ii^(g)(.)A(g),A'(g)>9■ 
Since R is i?-equi variant, we can show that Z = and 

dR{q)adl^^^qiA'iq)) + [Z{q), R{q)A' (q)] + R{q)ad*z^^^A'{q) = 0. 

Therefore, the expression for A becomes 

A = [R{q)A{q),R{q)A'{q)]+ < dRiq) {■) A{q) , A' (q) > 

+ R{l){ad)^(q)A{q)a'{q) - ad*^i<,)A'{q)^{l)) 
+ dR{qyA{q){A\q)) - dR{qy A\q){A{q)) 

= -[K{A{q)),K{^{q))], 

as desired. 
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